Abstract. We investigate when the product of two Hecke eigenforms for Γ 1 (N ) is again a Hecke eigenform. In this paper we prove that the product of two normalized eigenforms for Γ 1 (N ), of weight greater than 1, is an eigenform only 61 times, and give a complete list. 
Introduction
In this paper we consider the following question: when does the equation h = f · g have solutions with f , g and h Hecke eigenforms with respect to Γ 1 (N ), for any level N ? This question was independently considered by Duke [Duk99] and Ghate [Gha00] for eigenforms with respect to SL 2 (Z) (i.e., N = 1). They proved that there are only 16 such identities. Ghate [Gha02] also proved that for N square-free and f , g ∈ Γ 1 (N ) eigenforms of weight greater than 2, the product f g cannot be an eigenform when certain conditions on f and g are satisfied (note that Ghate uses a slightly more general definition of eigenforms than we do). Emmons [Emm05] classified all products h = f g, with f, g, and h eigenforms with respect to Γ 0 (p) away from the level p, with p ≥ 5 prime.
In this paper we extend Ghate's result, by removing the condition that the level be square-free, and by also considering weight 2 eigenforms. We prove that for eigenforms f , g and h of level N (with no restrictions on N ) and f and g each having weight greater than 1, there are only 61 eigenform products of the form h = f g. A complete list is given in Table 7 . For additional observations see Remark 7.1. In the process we give a new proof of the level 1 case, which was previously addressed by both Duke and Ghate.
Remark 1.1. Given an eigenform f of level N , f will also be an eigenform of level M for any M such that N |M and p|M ⇒ p|N , for p prime. Therefore an eigenform product identity f g = h for level N will also exist for each such level M above N . We count the identity only once, for the smallest level it occurs. In addition, we regard all scalar multiples of an identity as the same identity, and count them only once.
Theorem 1.2. There are only 61 tuples (N, k, l, ψ, ϕ), l ≥ k > 1, such that there exist Hecke eigenforms f ∈ M k (N, ψ) and g ∈ M l (N, ϕ) with f g also an eigenform. When l > k there is one eigenform identity per tuple, and for all but four of the 18 tuples occurring with l = k this is true as well. In each of the four exceptions, there are two eigenform identities associated to the two tuples (N, k, k, ϕ, ψ) and (N, k, k, ψ, ϕ). This results in a total of 61 eigenform product identities. A complete list of all identities is given in Table 7 .
Hence the product of two eigenforms with respect to Γ 1 (N ), each of weight greater than 1, is never an eigenform, save for 61 exceptions. Corollary 1.3. There are only nine identities of the form h = f g, with f , g and h Hecke eigenforms of level N > 1 and with the weights of f and g greater than 2. These identities are given in Table 8 (in addition to being distributed among the 61 identities in Table 7 ). These nine identities occur at levels 3, 4 and 5 and with the weight of f and g either 3, 4 or 5. In addition there are 16 such identities at level N = 1. They are listed in Table 5 and Table 6 .
Our methods are elementary and effective, and do not rely on the Rankin-Selberg convolution that both Duke and Ghate use. Instead, we make extensive use of the multiplicative properties the Fourier coefficients of a Hecke eigenform must satisfy. Given an eigenform identity f g = h, either f or g must have a non-zero constant term, and therefore must be an Eisenstein series. The Fourier expansion of an Eisenstein series f is easily determined by level, weight and Nebentypus. The expansion of a cuspidal eigenform, however, is not so easily determined. Using Proposition 5.1 we are able to restrict our attention to a finite number of Eisenstein eigenforms. Given a fixed Eisenstein eigenform f , we use the multiplicative properties of the coefficients of g and f g to uniquely determine the expansion of g term by term. We then examine if this expansion corresponds to that of an eigenform. All computations are performed in Pari-gp [BBB + ]. If f g ∈ E k+l (N, ψϕ), for f g to be an eigenform it is sufficient that the space E k+l (N, ψϕ) be one dimensional. Similarly, if f g ∈ S k+l (N, ψϕ), for f g to be an eigenform it is sufficient that S k+l (N, ψϕ) be one dimensional. This condition is also necessary for level 1. All 16 eigenform product identities of level 1 occur as a result of dimensional considerations. One might think that this condition would be necessary for all levels N as well. Every product identity results in the coefficients of the product being given by the convolution of the coefficients of f and g. It seems unreasonable to expect that these coefficients would have the multiplicative properties needed for f g to be an eigenform, unless forced to (see Theorem 2.4).
Nevertheless, we find that it is indeed possible for an eigenform product identity to exist for Γ 1 (N ) when the dimension of the relevant space is greater than one. There are only seven such identities, when the weights of f and g are both greater than 1. They are included in Table 7 , and correspond to the presence of the function Φ k,N (see page 5 for an explanation of this notation).
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Preliminaries
We review the definitions related to modular forms. For further details see [DS05] or [DI95] . Given a function g : H → C and γ = a b c d ∈ SL 2 (Z), we define the
where the action of γ : H → H is defined as usual by
The two subgroups of SL 2 (Z) of interest to us are
The cusps of a subgroup Γ of SL 2 (Z) are the equivalence classes of Q ∪ {∞} under the action of Γ. We define a modular form of weight k with respect to Γ to be a holomorphic function g : H → C satisfying
provided that f is holomorphic at the cusps of Γ (see [DS05] p. 16 for a precise definition of this last condition). A modular form g with respect to Γ 1 (N ) will have a Fourier expansion of the form
The space of modular forms of weight k with respect to Γ is denoted by M k (Γ). A cusp form with respect to Γ is a modular form that vanishes at every cusp of Γ. The subspace of cusp forms is denoted by S k (Γ). The Eisenstein subspace E k (Γ) is the orthogonal complement of S k (Γ) in M k (Γ), with respect to the Petersson inner product. We have the decomposition
We typically view χ as a function from Z → C. This is done in the natural way by taking χ(n) = 0 when (N, n) > 1. Given a multiple M of N , the character χ mod N gives rise to a character χ ′ mod M by
Note that χ ′ is determined completely by χ and the primes dividing M that do not divide N . If M consists solely of primes dividing N , then χ ′ and χ are identical when viewed as functions on Z. We call a character primitive if it does not arise from another character of smaller modulus. The conductor of χ is defined to be the modulus of the primitive character that gives rise to χ, and is denoted by f χ . Thus a character χ mod N is primitive if and only if f χ = N . We write 1 N to denote the trivial character defined modulo N . Note that 1 N is primitive only when N = 1. A character χ is even if χ(−1) = 1 and odd if χ(−1) = −1.
We are frequently only concerned with viewing Dirichlet characters as functions on Z, and will consider two different characters χ 1 mod N 1 and χ 2 mod N 2 to be equivalent if they give rise to identical functions on Z. This will happen when χ 1 and χ 2 both arise from the same primitive character χ, and any prime p that divides N 1 divides N 2 , and vice versa.
Due to the number of different Dirichlet characters used in this paper, we require a standard way to represent them. Note that the group of Dirichlet characters modulo N is isomorphic to (Z/N Z) * ([Was97], p. 22.), and so will be cyclic if N is a power of an odd prime. For odd q > 3 a prime or power of a prime, let 1 < b < q be the smallest generator of the group (Z/qZ) * . We define χ q,1 to be the character modulo q uniquely determined by
where φ is Euler's totient function. For j = 2, . . . , q − 2, we define χ q,j := χ q,1 j . In addition, we define χ 3 , χ 4 and χ 12 to be the unique primitive characters defined modulo 3, 4 and 12, respectively. Finally, we define χ 8,1 to be the character modulo 8 determined by χ 8,1 (5) = χ 8,1 (7) = −1, and χ 8,2 to be the character modulo 8 determined by χ 8,2 (3) = χ 8,2 (5) = −1.
The Hecke operators are a family of linear self-adjoint operators that diagonalize the space M k (Γ 1 (N )). For n mod N and f ∈ M k (Γ 1 (N )), the operator n is defined by
When f ∈ M k (N, χ), f is said to have Nebentypus χ. We have the orthogonal decomposition according to Nebentypus,
where χ runs through all Dirichlet characters modulo N such that χ(−1)
, and have the orthogonal decompositions
For p prime, the Hecke operator T p can be defined by its action on the Fourier expansion of f (z) =
Note that here and elsewhere, a f (n/p) is taken to be zero if p ∤ n. Further Hecke operators are defined in terms of T p and p by
where
and arbitrary n we have
Definition 2.2. We say that f ∈ M k (Γ 1 (N )) is an eigenform if it is an eigenvector for every Hecke operator T n and n . Note that we do not require n to be relatively prime to the level N .
Definition 2.3. We say that a modular form
Note that all Eisenstein series used will be normalized in this way as well, except where otherwise noted.
If f is an eigenform, then for every Hecke operator T n we have from (2.1) that
for the eigenvalue λ n . Thus if f is not normalizable, i.e., if a f (1) = 0, then f (z) = a f (0). Therefore every non-constant eigenform is normalizable.
When the space S k (Γ 0 (N )) is one dimensional, we denote the unique normalized cuspidal eigenform by ∆ k,N . When S k (N, χ) is one dimensional, we denote the unique normalized cuspidal eigenform by ∆ k,N,χ .
Occasionally we will need to reference a specific eigenform in the space S k (Γ 0 (N )), when S k (Γ 0 (N )) is not one dimensional. In each such instance, there will be only one eigenform in the space S k (Γ 0 (N )) that we reference. We write Φ k,N to denote this specified normalized eigenform, and provide a partial Fourier expansion to identify Φ k,N uniquely. See page 22 for a list of the ten Φ k,N used, along with their corresponding expansions.
We define the Eisenstein series E ψ, ϕ k (normalized slightly differently than in [DS05] , p. 129) by
n where δ(ψ) = 1 if ψ = 1 1 and 0 otherwise, and
For ψ and ϕ primitive characters modulo u and v, respectively, satisfying ψϕ(−1) = (−1) k , we have E ψ, ϕ k ∈ E k (uv, ψϕ) (except when k = 2 and ψ = ϕ = 1 1 ). Moreover, for such characters, E ψ, ϕ k will be an eigenform (see [DS05] , p. 173). Note that E ψ, ϕ k will be a modular form for certain non-primitive characters ψ and ϕ as well. When k = 2 and p is prime we have the special Eisenstein series defined by
Observe that this function is equal to E 1 1 ,1 p 2 (z). We will make use of E ψ, ϕ k with non-primitive characters ψ and ϕ only when E ψ, ϕ k is a genuine eigenform. For example, E
is an eigenform if and only if the Fourier coefficients a f (n) satisfy the following two conditions:
n be a normalized eigenform. Then the coefficients a f (n), except for possibly a f (0), are algebraic integers in some number field.
We will make use of Sturm's theorem to verify potential eigenform identities. 
then f = g, where M is given in (2.4).
Thus to verify a potential eigenform identity f g = h, it suffices to check that
, where M is given in (2.4). This is a finite time computation, which we perform in Pari-gp.
Properties of Generalized Bernoulli Numbers
The Bernoulli numbers B n are defined by
The von Staudt-Clausen theorem states that for positive even k the denominator of B k is the product of all primes p such that (p − 1)|k. Note that for odd k > 1 we have B k = 0, and that B 1 = −1/2. B n,χ t n n! .
The generalized Bernoulli numbers B k,χ arise in conjunction with modular forms due to the fact that
Hence we have
For primitive χ mod N we have
For details see [Was97] p. 32. Recall that χ mod N is primitive if and only if f χ = N . For non-primitive χ mod N , the value of B k,χ is given by
where χ 0 is the primitive character associated to χ (see [Was97] , p. 206). If χ is even and k is odd, or vice versa, then B k,χ = 0 (except when k = 1 and χ = 1 N ).
Note that the converse is true for k > 1. From (3.3) we see that
. So we consider a non-primitive χ mod N . Let χ 0 be the primitive character associated to χ and let N 1 be the product of all primes dividing N but not f χ . Consider the eigenform
where µ is the Möbius function.
′ and χ are identical as functions on Z). We have
is not a modular form, but the linear combination given in (3.4) nevertheless is. To see this let p be a prime dividing N 1 . Observe that
. We will show that h is an eigenform by showing the coefficients a h (n) satisfy the conditions of Theorem 2.4. We take n > 0 and write n = mM , where m is the largest divisor of n relatively prime to N 1 . Thus (n, N 1 ) = 1, and p|M ⇒ p|N 1 . We first show that a h (mM ) = a g (m). We have
since (m, d) = 1 when d|N 1 (here we use the multiplicative properties of a g (n) given in Theorem 2.4). We want to show that the arithmetic function
is identically 1. The function ν(n) = µ(n)χ 0 (n)n k−1 is multiplicative, as well as a g (n). Observe that ρ is the Dirichlet convolution of ν and a g , and is therefore also multiplicative. Thus to show ρ = 1, we need only observe that ρ(p l ) = 1 for any p prime and l ≥ 1. We have
Therefore we have a h (mM ) = a g (m). From this we see that the coefficients a h (n) satisfy both conditions of Theorem 2.4. Thus h is an eigenform. Since
Proposition 3.3. Consider a non-trivial character χ mod N of order m (i.e., χ m = 1 N ). If we let K be the number field generated by the values of χ(a), then
More specifically, we have that f χ B k,χ /k is an algebraic integer (see [Car59] , p. 176), i.e.,
For even χ with f χ odd we have (see [Car59] , p. 182)
Proposition 3.4. Let k ≥ 2 and χ mod f χ be a primitive Dirichlet character such that χ(−1) = (−1) k . We have
(see [Was97] , p. 30) where δ = 0 if χ(−1) = 1, δ = 1 if χ(−1) = −1, and τ (χ) = fχ a=1 χ(a)e 2πia/fχ is the Gauss sum of χ. We make use of the fact that .7) and take the absolute value to obtain
We bound the term |1 − χ(p)p
and observe that
We use the Euler product formula for the Riemann zeta function,
to obtain lower and upper bounds for the entire product. We have
The inequalities follow directly from this.
Proposition 3.5. There are only 41 pairs (k, χ) with k ≥ 2 such that 2k/B k,χ is an algebraic integer (χ not necessarily primitive). A complete list along with the corresponding integral values of 2k/B k,χ is given in Tables 1, 2 and 3 .
Remark 3.6. Note that here we are viewing χ mod N as a function on Z, rather than a function on (Z/N Z) * . So if the characters χ and χ ′ define the same function on Z, then we consider the pairs (k, χ) and (k, χ ′ ) to be the same. For example, χ 3 and χ 9,3 are the same function on Z, but have different moduli. The pairs (k, χ 3 ) and (k, χ 9,3 ) are fundamentally the same, and give rise to the same value of 2k/B k,χ .
Proof. We first consider the case where χ = 1 1 . Recall that for k > 1 we have B k,1 1 = B k . It is known that 2k/B k is an integer only when k ∈ {1, 2, 4, 6, 8, 10, 14}. This can be seen from the upper bound on 2k/B k,1 1 implied by Proposition 3.4. The six k ≥ 2 such that 2k/B k,1 1 is integral yield the values contained in Table 1 .
We now consider the case where χ = 1 N . From (3.3) we have 
There are a total of 17 (square-free) values of N > 1 such that 4/B 2,1 N is an integer. The values are given in Table 2 . We now consider the case where χ mod f χ is a primitive non-trivial character. For any σ ∈ Gal(Q/Q), we define χ σ to be the character modulo f χ determined by
Note that χ σ will be primitive if χ is primitive. From the representation of B k,χ given in (3.2) we see that
If 2k/B k,χ is an algebraic integer, then so is σ(2k/B k,χ ) = 2k/B k,χ σ for every σ ∈ Gal(Q/Q). Given an algebraic integer β, if the absolute value of every Galois conjugate of β is less than 1, then N (β) < 1, and thus β = 0 (here N denotes the absolute norm). Therefore, if 2k/B k,χ is integral, then there must exist a σ ∈ Gal(Q/Q) such that |σ(2k/B k,χ )| = |2k/B k,χ σ | ≥ 1. For positive integers k and f χ , we define
From Proposition 3.4, if χ is primitive and of the same parity as k > 1, we have
Note that for fixed k, C(k, f χ ) is strictly increasing as a function of f χ . We are interested in finding pairs (k, f χ ) such that C(k, f χ ) > 1. Given such a pair, we see that 2k/B k,χ will not be integral for primitive χ. We have C(k, f χ ) > 1 when f χ ≥ 3 and k ≥ 7. Note that if χ is non-trivial, then f χ ≥ 3. Thus if k ≥ 7 and χ is non-trivial, 2k/B k,χ will not be an algebraic integer.
We also have C(k, f χ ) > 1 when f χ ≥ 16 and 2 ≤ k ≤ 6. Thus there is a finite list of weights k (2 ≤ k ≤ 6) and characters χ mod f χ (f χ ≤ 16) to check where 2k/B k,χ could potentially be an algebraic integer. We use Pari-gp to perform the computations of the values of 2k/B k,χ . We find a total of 18 integral values, given in Table 3 . Note that ζ 6 = e πi/3 . Table 3 . Finally, we consider the case where χ mod N is a non-primitive, non-trivial character. Let χ 0 be the primitive character associated to χ. If 2k/B k,χ is integral, then 2k/B k,χ 0 must also be integral. Therefore we can restrict our search to the 18 pairs (k, χ 0 ) given in Table 3 . Let ν = 2k/B k,χ 0 be one such integral value. We want to eliminate the possibility that
is an algebraic integer, for a prime p dividing N but not f χ . Note that the largest possible value of |ν| is 9. Therefore, if p ≥ 11 then |ν p | < 1 (and likewise for all conjugates of ν p ). Thus ν/(1 − χ 0 (p)p k−1 ) cannot be an algebraic integer. All that remains is to check the value of ν p when p ∈ {2, 3, 5, 7}, for each of the 18 pairs (k, χ 0 ). An inspection yields no additional pairs (k, χ) with 2k/B k,χ integral.
Proof Preliminaries
The proof of Theorem 1.2 naturally splits into two cases. We need not consider when both f and g have Fourier expansions starting with q, for in this case the product f g will have a Fourier expansion starting with q 2 , and therefore cannot be an eigenform. So without loss of generality we assume that f has an expansion with a non-zero constant term. We consider the case where the constant term in the expansion of g is zero and the case where the constant term of g is non-zero.
Case 2. Let
Theorem 4.1. There are only 55 tuples (N, k, l, ψ, ϕ), k, l > 1, such that there exist f and g eigenforms conforming to Case 1 with f g also an eigenform. There are a total of 55 such eigenform identities, with one per tuple.
Theorem 4.2. There are only seven tuples (N, k, l, ψ, ϕ), l ≥ k > 1, such that there exist f and g eigenforms conforming to Case 2 with f g also an eigenform. There are a total of six such eigenform identities, as the identity (6.13) corresponds to two separate tuples.
These 61 eigenform product identities account for all eigenform identities h = f g with f , g and h eigenforms with respect to M(Γ 1 (N )) of weight greater than 1.
Proof of Theorem 4.1
We assume that f (z) = ∞ n=0 a f (n)q n ∈ M k (N, ψ), a f (0) = 0 and g(z) = ∞ n=0 c n q n ∈ M l (N, ϕ), c 0 = 0 are eigenforms with k, l > 1, and that the product f g ∈ M k+l (N, ψϕ) is also an eigenform. Both ψ and ϕ are defined modulo N , not necessarily primitive. Without loss of generality, we normalize g so that c 1 = 1 (as usual) and f differently, so that a f (0) = 1. From Proposition 3.2 we have
Throughout Section 5 we use
for p prime. Using ω and r p 's, the expansion of f is given by f (z) = 1 + ω q + (1 + r 2 )q 2 + (1 + r 3 )q 3 + (1 + r 2 + r 2 2 )q 4 + (1 + r 5 )q 5 + (1 + r 2 )(1 + r 3 )q 6 + (1 + r 7 )q 7 + · · · .
We write the normalized eigenform g(z) = is an eigenform with k > 1, then (k, ψ) is one of the 40 pairs in Table 4 . (2, χ 5,2 ) (2, χ 7,2 ) (2, χ 7,4 ) (2, χ 8,2 ) (2, χ 9,2 ) (2, χ 9,4 ) (2, χ 12 ) (2, χ 13,4 ) (2, χ 13,6 ) (2, χ 13,8 ) (3, χ 3 ) (3, χ 4 ) (3, χ 5,1 ) (3, χ 5,3 ) (3, χ 7,1 ) (3, χ 7,5 ) (4, 1 1 ) (4, χ 5,2 ) (5, χ 3 ) (6, 1 1 ) (8, 1 1 ) (10, 1 1 ) (14, 1 1 )
Proof. From Theorem 2.5 we see that the coefficients c 2 and ω + c 2 of q 2 in the Fourier expansions of g and f g, respectively, are algebraic integers. Therefore ω = −2k/B k,ψ must be an algebraic integer. From Proposition 3.5 there are 41 pairs (k, ψ) such that −2k/B k,ψ is integral. We exclude the pair (2, 1 1 ), as E
is not a modular form. This is a key result that allows us to restrict our search for eigenform identities to a finite number of eigenforms f , thus making explicit effective calculations possible.
Our goal is to determine the expansion of g, given f = E 1 1 , ψ k (having fixed the pair (k, ψ)). Using Theorem 2.4, c n is determined in terms of c p and s p , for primes p dividing n. Note that s p is given by
To determine the values of c p and s p , it suffices to determine c 2 and s 2 . We have
Therefore we have
Solving for c n we obtain
Let p > 2 be prime, so that p + 1 is composite. Observe that equation (5.1) determines c p uniquely in terms of c n 's with n < p, since we can express c p+1 and d p+1 in terms of previously determined c j and d j using their multiplicative properties. Note the one exception to this: if p = 3 then c 3 is given in terms of c 4 = (c 2 ) 2 − s 2 , and hence we must know the value of either s 2 or c 4 to determine c 3 . Using (5.1) we can similarly determine c p 2 , and thus determine s p . Therefore, given knowledge of c 2 and s 2 , we can determine the expansion of g to any desired precision, and then check if that expansion corresponds to a known eigenform. If g is an eigenform, we then identify the expansion of f g with a known eigenform h, and verify the identity h = f g using Corollary 2.7.
We now must determine the values of c 2 and s 2 . To this end, we derive relations from the coefficients of the product
using the multiplicative characteristics set forth in Theorem 2.4. For every composite index we obtain a relation from one of the following,
The following are a few examples of the relations generated from (5.2) and (5.3).
and subtracting a multiple of (5.4)) we obtain ω(r 2 c 2 + r 3 + c 3 + 1) + r 2 (r 2 s 2 − r 2 c To determine the values of c 2 and s 2 it is convenient to consider the cases 2|N and 2 ∤ N separately. There are 12 pairs (k, ψ) in Table 4 such that the modulus of ψ is even, and 28 pairs such that the modulus of ψ is odd.
Case A. Assume that 2|N . Fix a pair (k, ψ) from Table 4 . We have r 2 = s 2 = 0. We combine equations generated by (5.3) and (5.2) to eliminate c 3 , c 5 , c 7 and s 3 , resulting in an equation determining c 2 in terms of ω, r 3 , r 5 and r 7 . The key point is that these values are known to us since we have fixed (k, ψ). We have We compute the roots of (5.5), and reject any values of c 2 that are not algebraic integers. Since the degree of (5.5) is three, this computation is straightforward.
Case B. Assume that 2 ∤ N . Again fix a pair (k, ψ) from Table 4 . Because r 2 , s 2 = 0, we cannot (readily) determine c 2 in terms of ω and r p 's. Instead we use a similar technique to determine an equation for s 2 in terms of ω and r p 's. A valid root must have absolute value equal to a power of 2, so an approximation of the roots suffices. Given s 2 , we can then determine c 2 . The number of terms involved makes determining a general explicit equation for s 2 in terms of arbitrary ω and r p 's, comparable to (5.5), infeasible. We can, however, determine the desired equation when we specify the values of ω and r p (since we have fixed the pair (k, ψ)). The computations performed in Pari-gp make the tedious analysis manageable.
A sample computation for the pair (4, χ 5,2 ) proceeds as follows. The expansion
is given by
We combine equations generated by (5.3) and (5.2) to determine s 2 in terms of ω (ω = 1) and r p 's (r p = p 3 χ 5,2 (p)). We obtain Of the six roots of this equation only one has absolute value equal to a power of 2, namely s 2 = −2. With the value of s 2 known, we compute that c 2 = 1. With these values determined we can now compute the expansion of g uniquely to any desired precision. We find g(z) = q + q 2 + 2q 3 + 3q 4 + 5q 5 + 2q 6 + 6q 7 + 5q 8 + . . . , and observe that this expansion seems to correspond to that of E χ 5,2 ,1 1 2
. We now observe that
seems to hold true, and verify this identity via Corollary 2.7. With this identity verified, we now have confirmation that the expansion of g must agree exactly with that of E χ 5,2 ,1 1 2 , and that (5.6) is the sole identity for the pair (4, χ 5,2 ).
Remark 5.2. When N = 1, there are only 12 identities. The proof is given in [Duk99] or [Gha00] . Note that the method used here provides a different proof. The identities are given in Table 5 .
We find nine identities in Case A and 46 identities in Case B. Therefore, there are only 55 identities that conform to Case 1. A complete list can be seen among the 61 identities given in Table 7 .
Remark 5.3. Note that the obstruction to proving Theorem 4.1 for the case where f has weight 1 is our inability to show that there are only finitely many ψ such that 2/B 1,ψ is an algebraic integer. This in turn is due to the lack of a sufficiently Table 5 .
∆ 20,1 = 480E
strong lower bound for |B 1,ψ |, depending on f ψ . We hope to return to this case in a subsequent paper. Note that nowhere in the proof do we require that the weight of g be greater than 1. The method used here easily covers the case where g has weight 1.
Proof of Theorem 4.2
We assume that
, a g (0) = 0 are eigenforms, l ≥ k > 1, and that f g ∈ M k+l (N, ψϕ) is also an eigenform. Both ψ and ϕ are defined modulo N , not necessarily primitive. We split the proof of Theorem 4.2 into eight propositions (Proposition 6.1 through 6.8). Unlike the proof of Theorem 4.1, we use a variety of ad hoc methods to resolve each case. Frequently, for a given case, we will reduce the potential pairs (l, ϕ) to a finite number of possibilities, and then determine (k, ψ). Without loss of generality we normalize f and g as usual, so that the coefficient of q is 1. From Proposition 3.2 we have
Throughout Section 6 we use
for p prime. Using this notation we write
The product f g has the expansion
From Proposition 3.2 we know that f g must be a multiple of E 1 1 , ψϕ k+l (z). From (6.1) we can see that this multiple is α + β. Therefore the only possible eigenform identities must be of the form
The expansion of (α + β)E 1 1 , ψϕ k+l is given by
We equate the coefficients of q m in (6.1) and (6.3), for m = 0, 2, 3, 4 and 8. After simplifying we obtain, respectively, γ(α + β) = αβ, (6.4) 2r 2 s 2 (α + β) = 1 + αs 2 + βr 2 , (6.5) 3r 3 s 3 (α + β) = 2 + αs 3 + βr 3 + r 2 + s 2 , (6.6) (to obtain (6.7) we subtracted (6.6), and to obtain (6.8) we subtracted (6.6) and (6.7)). We now combine (6.5), (6.6) and (6.7) to eliminate α and r 3 , resulting in an equation determining r 2 in terms of β, s 2 and s 3 . After dividing by the factor 2r 2 − 1 we have (6.9) j 3 r Table 6 . Table 6 .
Proof. See either Duke [Duk99] or Ghate [Gha00] . Note that the normalization we use here is different than what Duke and Ghate use. Writing
n we obtain the familiar identities
4 , E 10 = E 4 E 6 , E 14 = E 4 E 10 and E 14 = E 6 E 8 . For an elementary but less elegant proof than the one given in [Gha00] , one can use (6.4) and argue that
with l ≥ k, is only true for the pairs of weights (k, l) ∈ {(4, 4), (4, 6), (4, 10), (6, 8)}.
Proposition 6.2. Assume that 2|N . There are no eigenform identities of the form (6.2).
Proof. If 2|N , then r 2 = s 2 = 0, and (6.5) would result in a contradiction.
For the remainder of this section we assume that the level N is odd. We have
and |s 2 | = 2 l−1 .
Thus equation (6.9) gives us a straightforward way to determine if an identity is possible for a fixed pair (l, ϕ). Observe that (6.9) must have a root r 2 satisfying |r 2 | = 2 k−1 in order for an identity to exist with g = E 1 1 , ϕ l
. We substitute the values
into (6.9), and determine if there are any valid roots. Since an approximation is sufficient, this computation is straightforward. If (6.9) has no valid roots, there are no identities arising from the pair (l, ϕ). If we find a valid root r 2 , then the values of α and r 3 are determined by (6.4) and (6.5), respectively. Further values of r p are uniquely determined by equating further coefficients of (6.1) with (6.3). Thus the Fourier expansion of f will be uniquely determined. With this expansion known we can determine if the expansion of f corresponds to that of an eigenform.
Proposition 6.3. Assume that 3|N . There is only one eigenform identity of the form (6.2), given below:
Proof. If 3 divides the level, then r 3 = s 3 = 0, and (6.6) reduces to (6.11) − 2 = r 2 + s 2 .
Since |r 2 | and |s 2 | are powers of 2, there are only two solutions to (6.11). Either r 2 = s 2 = −1 (which we exclude since we assume l ≥ k > 1) or r 2 = 2 and s 2 = −4, in which case k = 2 and l = 3. We set r 2 = 2 and s 2 = −4 in equations (6.5) and (6.7) (along with r 3 = s 3 = 0). Solving for α and β yields α = 1/12 and β = −1/9. Now observe that (6.10) is true by applying Corollary 2.7, and that r p and s p (for p > 3 prime) are uniquely determined by equating further coefficients
with (
. Therefore (6.10) is the only identity when 3 divides the level.
For the remainder of the proof we now assume that the level N is relatively prime to both 2 and 3 (and therefore that f ψ and f ϕ are prime to 2 and 3 as well). We will make use of the fact that we can assume f ϕ ≥ 5 if ϕ is not trivial (i.e., ϕ = 1 N ).
Proposition 6.4. Assume that l = k ≥ 3. There are no eigenform identities of the form (6.2).
Proof. We first assume that both ψ and ϕ are non-trivial characters. Given α = −B k,ψ /(2k) and β = −B l,ϕ /(2l), we have from (3.5) that 4α ≡ 4β ≡ 0 (mod 2).
From (6.5) we have
Since k ≥ 3, the left side of (6.12) is equivalent to 0 mod 2, which results in a contradiction. Thus there are no identities involving non-trivial characters. If ψ (or ϕ) is the trivial character, say ψ = 1 N , then k must be even and
We define ord 2 (n) to be the largest integer e such that 2 e divides n. We want to show that ord 2 (2 k−1 α) ≥ 1. Observe that B k will always have exactly one factor of 2 in the denominator (from the von Staudt-Clausen theorem) and 1 − p k−1 will be even since p = 2. Therefore ord 2 (2 k−1 α) ≥ k − 2 − ord 2 (k). For k ≥ 3 we have k − 2 − ord 2 (k) ≥ 1. So again the left side of (6.12) is 0 mod 2, yielding a contradiction. Thus there are no identities.
Proposition 6.5. Assume that l = k = 2. There is only one eigenform identity of the form (6.2), given below:
Proof. From (6.5) we have (6.14) 2αϕ(2)(4ψ(2) − 1) + 2βψ(2)(4ϕ(2) − 1) = 1.
First we assume that ψ and ϕ are non-trivial. Since both characters must be even we have from (3.6) that 2α ≡ 2β ≡ 0 (mod 2). Therefore the left side of (6.14) is 0 mod 2, and we have a contradiction. Now we assume that exactly one of either ψ or ϕ is the trivial character. Without loss of generality we take ψ = 1 N . Using
and (6.14) we obtain
Therefore M ϕ(2) ≡ 4 (mod 8) for some M ∈ Z, and thus ϕ(2) = ±1. If we take ϕ(2) = 1, then (6.9) yields α = 11/6. If we take ϕ(2) = −1 then (6.9) yields α = 1/6 or α = 23/52. Observe that 23/52 cannot be the value of α. If α = 11/6 then N = 2·3·23, which is excluded. The value α = 1/6 corresponds to the identity (6.13). If both ψ and ϕ are trivial, ψ = ϕ = 1 N , then (6.14) yields α = 1/12, which implies that N = 3. Thus there are no further identities.
For the remainder of this proof we now assume that k is strictly less than l. Recall that on page 10 we defined
We will now proceed to define the function D(k, l) so that
This allows us to exclude all cases where C(l, f ϕ ) > D(k, l). We want to obtain an equation that determines β in terms of r p 's and s p 's. To do so, we combine (6.5) and (6.8) to eliminate α. Upon dividing by s 2 (noting that s 2 is non-zero) we have 2 + 2r 3 s 2 + 2s 2 s 3 + 3s 2 + 2r 3 + 2s 3 + 3, d 1 = s 2 2 + r 3 s 2 + s 2 s 3 + 2s 2 + 2r 3 s 5 + r 3 + 2r 5 s 3 + 2r 5 + 2r 7 + s 3 + 2s 5 + 2s 7 + 6,
We write β = c 0 /c 1 . We want an upper bound for |β|. In order to determine such a bound, we obtain a lower bound on c 1 and an upper bound on c 0 . Recall that |r p | = p k−1 and |s p | = p l−1 . Using the reverse triangle inequality on c 1 we obtain |c 1 | ≥ 8|r Therefore we have
Note that
when l > k > 1. We define e i as follows, e 3 = 6 · 2 2l−2 + 2 l + 2, e 2 = 2 2l−2 + 3 k−1 2 l + 3 l−1 2 l + 3 · 2 l−1 + 2 · 3 k−1 + 2 · 3 l−1 + 3, so that |d i | ≤ e i for 0 ≤ i ≤ 3. Therefore we have |c 0 | ≤ 2 3k−3 e 3 + 2 2k−2 e 2 + 2 k−1 e 1 + e 0 .
We define D(k, l) := 4 k e 3 + 2 k+1 e 2 + 4e 1 + 2 3−k e 0 8 l 4 k − 8 k 4 l − 8 l − 8 k − 4 l − 4 k , so that for l > k > 1 we have
Proposition 6.6. Assume that l ≥ 5 and 1 < k < l. There are no eigenform identities of the form (6.2).
Proof. When l ≥ 5, we have D(k, l) < 1 for any 1 < k < l, and therefore |β| < 1. If ϕ = 1 N , then f ϕ ≥ 5. We have C(l, f ϕ ) > 1 when l ≥ 5 and f ϕ ≥ 5. Thus there are no eigenform identities when ϕ is non-trivial. If ϕ = 1 N , then there exists at least one prime p ≥ 5 that divides N . From Proposition 3.4 and equation (3.3) we have that |β| ≥ C(l, 1)(5 l−1 − 1). Observing that C(l, 1)(5 l−1 − 1) > 1 for l ≥ 5, we determine there are no identities.
Proposition 6.7. Assume l = 4 and k = 2 or k = 3. There are no eigenform identities of the form (6.2).
Proof. We have D(2, 4) < 0.53 and D(3, 4) < 0.49, and that C(4, f ϕ ) > 0.99 for f ϕ ≥ 5. So the only possibility for ϕ is 1 N . Let p be a prime dividing N . If p ≥ 7 then |β| > C(4, 1)(7 3 − 1) > 1.22. So there is only one case to consider, namely ϕ = 1 5 . We have β = −31/60, s 2 = 8 and s 3 = 27. Using these values in (6.9) we obtain 24986r 4 2 − 542765r 3 2 + 3050832r 2 2 − 2533840r 2 + 570496 = 0. Since |r 2 | = 2 k−1 , there is only one valid root, namely r 2 = 8. This implies that k = 4, which we have excluded. Thus there are no identities.
Proposition 6.8. Assume that l = 3 and k = 2. There are no eigenform identities of the form (6.2).
Proof. We proceed along the same lines as in Proposition 6.7. We have D(2, 3) < 1.59. Since l is odd, ϕ = 1 N . We have C(3, f ϕ ) > 1.64 for f ϕ ≥ 9. Therefore f ϕ must be either 5 or 7. If ϕ is not primitive, then there is a prime p ≥ 5 dividing N but not f ϕ . In this case we would have |β| > C(3, 5)(5 2 − 1) > 9.15. Therefore, we need only check the cases where ϕ is an odd primitive character modulo 5 or 7. When ϕ = χ 5,1 , (6.9) has one valid root, r 2 = i. This corresponds to the identity .
For the three cases where ϕ is an odd character modulo 7, (6.9) has no valid roots. Thus there are no identities.
2, and three to Case 1. Out of the 61 identities, 54 occur at square-free level, and seven at square levels (N = 4, 8 and 9). Note that while both E under the level N = 4, since 4 is the smallest level that all three forms exist at. Also of note is the fact that the three identities with the largest levels (N = 10, 15 and 21) are not forced by dimensional considerations. 
